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Abstract 

We deal with a class of Lipschitz vector functions U — . . . ,Uh) whose components are 
non negative, disjointly supported and verify an elliptic equation on each support. Under a 
weak formulation of a reflection law, related to the Pohozaev identity, we prove that the nodal 
set is a collection of C^'" hyper-surfaces (for every < a < 1), up to a residual set with small 
Hausdorff dimension. This result applies to the asymptotic limits of reaction-diffusion systems 
with strong competition interactions, to optimal partition problems involving eigenvalues, as 
well as to segregated standing waves for Bose-Einstein condensates in multiple hyperfine spin 
states. 

Keywords. Elliptic Systems, Free Boundary Problems, Monotonicity Formulae, Reflection Prin- 
ciple. 

1 Introduction 

1.1 Statement of the results 

Let be an open bounded subset of R^, with N > 2. Our main interest is the study of the regu- 
larity of the nodal set Tjj = {x G fl : J7(a;) = 0} of segregated configurations U = (wi, . . . ,Ufi) G 
{H^{^1))'^ associated with systems of semilinear elliptic equations. The main result of this paper 
is the following. 

Theorem 1.1. Let U ~ (ui, . . . ,Uh) G {H^(n))'^ be a vector of non negative Lipschitz functions 
in f2, having mutually disjoint supports: ui ■ Uj = in Q for i j ■ Assume that U ^ and 

— Au; = fi{x, Ui) whenever Ui > , i ~ I, . . . , h, 

where fi'.flx — > M are functions such that fi{x,s) = 0{s) when s — > 0, uniformly in x. 
Moreover, defining for every xq G Q and r € (0, dist{xo, dQ)) the energy 

Eir) ^ E{xo,U,r) = ^ [ |VC/p , 

assume that E[xq, U, ■) is an absolutely continuous function of r and that it satisfies the following 
differential equation 

—E{xo,U,r)^^^l id^U)'^da+^^ V Mj)(Vu,;, .t - xq). 



Let us consider the nodal set Tu = {x G 51 : U{x) = 0}. Then we hav^ ^^i^dimi^u) < N ^ 1. 
Moreover there exists a set C Tu, relatively open in Tu, such that 

• -J^dimiTu \ "^u) l£ N — 2, and if N ~ 2 then actually Tu \ "Eu is a locally finite set; 

• Sc/ is a collection of hyper-surfaces of class C^'" (for every < a < 1). Furthermore for 
every xq £ T,u 

liin_ |VC/(x)| = lim_ \VUix)\ 7^ 0, (1) 

where the limits as x ^ x^ are taken from the opposite sides of the hyper- surface. Furthermore, if 
N ^ 2 then S[/ consists in a locally finite collection of curves meeting with equal angles at singular 
points. 

The regularity of the nodal set can be extended up to the boundary under appropriate assump- 
tions (see Remark 17. ip . To proceed, it is convenient to group the vector functions satisfying the 
assumptions of Theorem II .11 in the following class. 

Definition 1.2. We define the class Q{il) as the set of functions U ~ {ui, . . . ,Uh) E (ir^(51))'', 
whose components are all non negative and Lipschitz continuous in the interior of fl, and such 
that Ui • = m for i ^ j . Moreover, U ^ and it solves a system of the type 

-Au, = f,{x,u,)-fi, ■m^'in) = {C^{n))\ i^l,...,h, (2) 

where 

(Gl) fi'.rix K+ —5- M are functions such that fi{x,s) ~ 0{s) when s — > 0, uniformly in x; 

(G2) Hi e = (Co(0))' are some nonnegative Radon measures, each supported on the nodal 

set Tu = {xeVI: U{x) = 0},, 

and moreover 

( G3) associated to system if we define for every a:o G O and r G (0, dist{xQ, dVl)) the quantity 

E{r)=E{x^,U,r) = ^ [ \VU\\ 

T " JBAxo) 

then E{xo, U, ■) is an absolutely continuous function of r and 

—E{xo,U,r)^^:^ {d„U f da + I /^(a;, Ui)(Vwj, a; - xq). (3) 

JdB,.{xa) r JBAxo)i 

To check the equivalence between the two sets of assumptions, we observe that equation ^ 
together with (G2) yield that — Au^ = /^(x, Ui) over the set {ui > 0}. Reciprocally, if such equation 
holds in {ui > 0} then ([2]) holds in the whole for a measure fii concentrated in Tu (a proof of 
this fact will be provided in Lemma 15.51 in a similar situation) . We will work from now on with 
this second formulation of the assumptions. 

Notations. For any vector function U — (ui, . . . , Uh) we define \/U ~ (Vui, . . . , Vu^), |VJ7p = 
|Vwi|2 + . . . + \\/uh\^, [d^Uf = {d^uif + . . . + {d,,Uhf and ^ ul + ... + w^. Moreover, 
F{x,U) = (/i(x. Ml), . . . , /h(x, M/i)). We will denote by {U > 0} the set {x G f2 : Ui(x) > 
for some i}. The usual scalar product in will be denoted by (•, •). Hence, with these notations, 
{F{x,U),U) = J2iM^:'^t)'^i and {U,dyU) = Y,i'^i{dyUi) for instance. 

^Here, J^dimi') denotes the Hausdorff dimension of a set. 
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Remark 1.3. (a) It is easily checked that equation ([3]) always holds for balls lying entirely inside 
one of the component supports, as a consequence of the elliptic equation ([2]) (see also m.2\i . Hence, 
for our class systems, (G3) represents the only interaction between the different components Ui 
through the common boundary of their supports; as we are going to discuss in ^1.2l this can be seen 
as a weak form of a reflection property through the interfaces. Although this hypothesis may look 
weird and may seem hard to check in applications, it has the main advantage to occur naturally 
in many situations where the vector U appears as a limit configuration in problems of spatial 
segregation. It has to be noted indeed that a form of ([3]) always holds for solutions of systems of 
interacting semilinear equations and that it persists under strong limits (see [JS]). 

(b) Theorem 11.11 applies to the nodal components of solutions to a single semilinear elliptic 
equation of the form —Au = f{u)- Hence, in a sense, our work generalizes [25l [T9|. In the paper 
[6] , Caffarelli and Lin proved that the same conclusion of Theorem 11.11 holds for vector functions 
U minimizing Lagrangian functional associated with the system. They also proved that equation 
(|3]) holds for such energy minimizing configurations. On the other hand, at the end of this paper 
we show that ([3]) is fuUfilled also for strong limits to competition-diffusion systems, both those 
possessing a variational structure and those with Lotka-Volterra type interactions (see ^for some 
applications of Theorem 1 1.1|) . Inspired by our recent work \27\ written in collaboration with Noris 
and Verzini, we found that property (G3) is a suitable substitute for the minimization property. 

(c) Our theorem extends also to sign changing, complex and vector valued functions Ui. For 
the sake of simplicity we shall expose here the proof for non negative real components, highlighting 
in Remark 15.91 the modifications needed to cover the general case. 

(d) Finally we observe that the conclusions of Theorem 11.11 are all of local type. Hence, the 
conclusion are still valid in the case unbounded by applying our main theorem to each bounded 

subset ri' C ri. 

The approach here differs from the viscosity one proposed by Caffarelli in [4] (which we think 
does not apply to elements in G{^)) and follows rather the mainstream of [51 US], based upon 
a classical dimension reduction principle by Federer. It has the main advantage of avoiding the 
a priori assumption of non degeneracy of the free boundary (which is considered for instance 
in [TJ §4]): in contrast, non degeneracy will be turn out to hold true on the non singular part 
of the nodal set as a consequence of the weak reflection principle. Compared with [6], a major 
difficulty here arises from the fact that we lack the essential information of the minimality of the 
solution. The techniques we present here are not mere generalizations of the ones used in [5]: we 
will use a different approach when proving compactness of the blowup sequences as well as when 
classifying the conic functions (blowup limits); finally we will exploit an inductive argument on 
the dimension. This will allow us to extend the results of [6] concerning the asymptotic limits of 
solutions of systems arising in Bose-Einstein condensation (c/. ^8.1^ to the case of excited state 
solutions. 

1.2 Motivations and heuristic considerations 

In the functions of the form r™/^cos(m0/2) (in polar coordinates) for any integer m > 2 are 
good prototypes of elements in Q. The nodal sets of such functions can be divided in two parts: 
the regular part is a union of curves where a reflection principle holds (the absolute value of the 
gradient is the same when we approach each curve from opposite sides); the remaining part has 
small Hausdorff measure (it is a single point). Our aim is to show that this is a general fact, in 
any space dimension. 

More generally, let u be a locally Lipschitz JT'^-solution of —Au = f{x, u) in for / G C^{il x 
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. \ {0}) with f{x, s) — 0(s) as s — > 0, uniformly in x. For 



it holds 

0— N r 1 /■ 

E'ir) = ^ \Vu\' + ^ \Vu\'da. (4) 

If we integrate the following Pohozaev-typc (Rellich) identity in Br{xo) 

div((a;-a;o)|Vu|^-2(a;-a;o,Vu)Vu) = (TV - 2)|Vu|^ - 2(a; - xq, Vu) Aw (5) 
then we obtain 



r 



[ iVupdcr = 2r / {d^uf da + {N - 2) f \\/u\'^ + [ 2f{x,u){Vu,x - xq) 



This, together with Q, readily implies ^ ioi U = [u). Hence, if we define ui = u+ and U2 = u 
we deduce that (ui,U2) G ^(f^)- 

In order to better motivate property (G3) and to better understand the information that it 
contains about the interaction between the different components Ui, let us show what happens 
in the presence of exactly two components, each satisfying an equation on its support. Suppose 
h = 2 and take J7 = (ui, U2) € g{fl) such that fl D d{ui > 0} = n d{u2 > 0} ^Tu- Assume 
sufficient regularity in order to perform the following computations (see the proof of Lemma 15.61 
and Subsection 18.21 for related discussions). For every point xq and radius r > 0, take identity ([5]) 
with u — Ui (i = 1, 2) and integrate it in {ui > 0} n Br{xQ). We obtain 

r[ |Vu,fda = 2r/ {dyU^f da + {N ^ 2) ( |Vu,f+ 



aB^{xo)n{ui>0} J dBr(xo)r\{ui>0} J Br{xo)n{ui>0] 

2 / fi{x,Ui){\/ui,x - xo) + / \'Vui\'^{x - xo,i^) da. 

J B^(xo)n{ui>0} J Br{xo)nd{ui>0} 



This implies, by summing the equalities for i = 1, 2 and dividing the result by r 

r JdB,.(xo} ^ JdB^ixo) ^ JB^ixo) 



N-1 
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2 f ^ 

JBr-{xo) 



Ui,x- Xq) + f \\/ui\'^{x - xo,iy) da- 

J Br{xa)na{ui>0} 

1 



I \Vu2\'^{x - xo.iy) da 

^ J Br{xo)na{u2>o} 



and 



2 

+ jv^_i / \\7ui\^{x - xo,v) da + ( \\/u2\^ {x ~ xo,u) da. (6) 

^ J Br{xa)nd{ui>0] f J Br(xo)r\a{u2>0} 

for every point xq and radius r > 0. Hence in this case (G3) holds if and only if the sum of the 
last two integrals in ([6]) is zero for every xq, r, that is, |Vui| = |Vm2| on Tu . Thus, in some sense, 
(G3) is a weak formulation of a reflection principle. 
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This paper is organized as follows. In the next section we prove that elements in G{Q) satisfy 
a modified version of the Almgren's Monotonicity Formula; by exploiting this fact, in Section |3] 
we prove convergence of blowup sequences as well as some closure properties of the class G{Q). In 
Section!?] we use the Federer's Reduction Principle in order to prove some Hausdorff estimates for 
the nodal sets, define the set E;/ (recall Theorem I l.ip and prove part of Theorem II .11 in dimension 
N = 2. In Section [5] we prove that, under an appropriate assumption, E^/ is an hyper-surface 
satisfying the reflection principle ([T]) and in Section [6] we prove by induction in the dimension N 
that such assumption is satisfied for every N > 2. In Section [7] we examine the case of systems 
of equations on Riemannian manifolds and of operators with variable coefficients, also discussing 
the regularity up to the boundary. Finally in Section [8] we present some applications of our theory 
and solve two different problems by showing that its solutions belong to the class G{^)- 



2 Preliminaries 

The functions belonging to G{D,) have a very rich structure, mainly due to property (G3), which 
will enable us to prove the validity of the Almgren's Monotonicity Formula (Theorem 12.21 below) . 
With this purpose, it is more convenient to use a slightly modified version of (G3), including in 
the definition of the energy also a potential term. The two versions are clearly equivalent, and we 
will use this second formulation from now on: 

(G3) Define for every G and r G (0, dist(a;o, dil)) the quantity 

E{r) = E{xo,U, r) = ^ / {\VU\' - {F{x, U), U)) 
then E{xo, U,-) is an absolutely continuous function on r and 

^E{xo,U,r) = ^ f id,U)^da + R{xo,U,r), (7) 



with 



i?(a;o,C/, r) = — rr— - / } fi{x,Ui){Vui,x - xo) + 



4^ f {N~2){F{x,U),U)-^ f {F{x,U),U)da. (8) 



Remark 2.1. The definition of E{xo,U,r) (and the one of R{xo,U,r)) is to be used with some 
caution. In fact, this quantity also depends on the function F that is associated (through system 
^) to each U £ G{^)- Although this function is not uniquely determined for any given U, we 
prefer to omit its reference in the definition of E, with some abuse of notations. 

Furthermore define for every xq E ft and r G (0, dist(.To, 557)) the average 
iJ(r) = Hixo^U, r) = f da 

r JdB^ixa) 

and, whenever H{r) ^ 0, the generalized Almgren's quotient by 

E{xo,U,r) 



Nir) ^ Nixo,U,r) 



H{xo,U,r)- 
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Theorem 2.2. Given U € g{fl) and Qi^n, there existE C = C{d, N,n) > and r = r{d, N, fi) > 
such that for every xq G f2 and r e (0, f] we have H{x(),U,r) ^ 0, N{xo,U, ■) is an absolutely 
continuous function and 

^N{xo,U,r)>^C{N{xo,U,r) + l). (9) 
ar 

In particular e^^ {N{xQ,U,r)+l) is a non decreasing function for r E (0,f] and the limit N{xq,U,0^) := 
\mir^Q+ N{xo,U,r) exists and is finite. Moreover, 

^ \og{H{xo, U, r)) = -N{xo, U, r). (10) 
ar r 

Proof. The proof follows very closely the one of Proposition 4.3 in [57]. For this reason we only 
present a sketch of it, stressing however the dependence of C,f on d. Fix U S G{^) and take 
r2 (£ ri. Since t/ ^ in 17, we can suppose without loss of generality that U ^ in Cl . 

Observe that since n is bounded and U is Lipsehitz continuous in il, ||J7||l°°(o) < +oo. Hence 
property (Gl) provides the upper bound |/i(a;, < dui for all x g and i = and 
therefore there exists C ~ C{d, N, (l) such that for every xq £ (l and < r < dist($7, dil), 

|i?(xo,t/,r)| < ^.,|Vu.|r + i^^^ / + ^ f da 

y JBAxa) ^ JBAxo) ^ JdBAxa) J 

Moreover, we have 

.2 



If If dr f 

|V[/p<£;(xo,C/,r) + ^ / {FiU),U) <E{xo,U,r) + — U^iU) 

Jb,.{xo) ^ JBAxo) JbAxo) 



and, by using Poincare's inequality. 



^ T7^(^(^o,t/,r) + i7(xo,C/,r)) + ^ / U\ 

Thus we obtain the existence of f < dist(17, SfJ) such that 

<2 {E{xo, U, r) + H{xq, U, r j) for every e il, < r < f, (12) 



1 



Br{xa) 



which, together with (JIl), yields \R{xa, U,r)\<C {E{xa, U, r) + H{xo, U, r)) for some C = C{d, N, f2) > 
and for every xq € fi, < r < f . The function r i— > H{xq, U,r) is absolutely continuous and for 
almost every r > 

^Hixo, (7, r) = ^ / ((7, da 

(to check it, use a sequence of smooth functions approximating U). Moreover if we multiply system 
([2]) by U , integrate by parts in Br{xo) and take into account property (G2) we can rewrite E as 

Eixo,U,r)^-^ f {U,d,U)da. 



dB^xo) 



^ With d = max sup \fi(x,s)/s\ 

' 0<s<\\U\\^^^a) 
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Thus, by performing a direct computation, identity (jlOp holds whenever H(xo, U,r) > for r < r, 
as well as 

— N{xo,U,r) > — — — > -C — -— , 

dr H{xo,U,r) H[xo,U,r) 

which provides 

The only thing left to prove is that H{xo,U,r) > for every x G Ct and small r > 0. Now, 
since H{xo, U, •) solves the equation H'{r) = a{r)H{r) with a{r) = N{r)/r, one can prove that Tjj 
has an empty interior. Take f < f such that 

- < fi{x,Ui) < dui < Xi{Bf)u.i (13) 

for all i (where Ai denotes the first eigenvalue of —A in Hi). If there were xq ^ Vl and < r < f 
such that H{xo,U,r) = 0, then by multiplying inequality by Ui and integrating by parts in 
Bj.{xq) we would obtain [/ = in Bj.[xq), a contradiction. Hence H(xq, U,r) > whenever xq G $7, 
< r < f. □ 

Remark 2.3. At this point we would like to stress that the hypotheses in G{^) can be weakened. 
In [571 Proposition 4.1], by making use of the previous Almgren's Monotonicity Formula, it is 
shown that if in C/(f2) we replace the Lipschitz continuity assumption with a-Holder continuity for 
every a G (0, 1), then actually each element U E G{^) is Lipschitz continuous. For other general 
considerations, see also Remark FTT] . 

Remark 2.4. If [/ G G{^) has as associated function F = Q, then R{xo, U,r) = and by repeating 
the previous procedure we conclude that in this case N{xo,U,r) is actually a non decreasing 
function. 

Remark 2.5. As observed in the above proof, Tu has an empty interior whenever U E G{^)- 

Another simple consequence of the monotonicity result is the following comparison property 
(which, with r2 = 2ri, is the so called doubling property). 

Corollary 2.6. Given U G G{^) and (b fl, there exist C > and f > such that 

\ 2C 

H{xo,U,r2)<H{xQ,U,r^)[- 

\ri 

for every xq £ Ct, Q < ri < r2 < f . 

Proof. For each U and Cl fixed, let C and f be the associated constants according to the previous 
theorem. Let also C := sup | A^(a;o, C/, f )| < oo. Then 

-^log(i7(a;o,f/,r)) = -Ar(.To, [/, r) = - ((7V(a;o, C/, r) + l)e^'-e-^'- - l) 
dr r r \ / 

2 



< -({N{xo,U,f) + l)e^'e-^- -l) 

< l(i^c + l)e^'-l)=: — 



for every < r < f. Now we integrate between ri and ?'2, < ri < r2 < r, obtaining 

iJ(xo, U,r2) ^ f r2^^'^ 



H{xo,U,ri) \ri^ 

as desired. □ 
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Corollary 2.7. For any U G Q{^) and G Tu, we have N{xo, t/, 0+) > 1. 

Proof. Suppose not. Since the limit N{xo,U,0^) exists, we obtain the existence of f and e such 
that N{xQ,U,r) < 1 — e for all < r < f. By Theorem 12.21 we have that in this interval (by 
possibly replacing f with a smaller radius) 

-^log(i?(a:o,f/,r))< -(1-e). 
ar r 



Integrating this inequality between r and r (r < r) yields 

(- 



H{xo,U,f) ^fNj2(i-£) 
H{xo,U,r) ^ 



which, together with the fact that J7 is a Lipschitz continuous function at xq and that U{xq) = 
implies 

(^^2(i-e) < H{xQ,U,r) < C'r^, 
a contradiction for small r. □ 
Corollary 2.8. The map Q — > [l,+oo), xq i— > N{xq,U,0'^) is upper semi- continuous. 



Proof. Take a sequence a;„ — !• x in f2. By Theorem 12.21 there exists a constant C > such that for 
small r > 



7V(x„, t/, r) = (iV(x„, t/, r) + l)e^'^e-^^ - 1 > (iV(x„, [/, 0+) + l)e-^'^ - 1. 

By taking the limit superior in n and afterwards the limit as r — > 0'*' we obtain N{x,U,0'^) > 
limsup„iV(a;„,?7,0+). □ 



3 Compactness of blowup sequences 

All techniques presented in this paper involve a local analysis of the solutions, which will be 
performed via a blowup procedure. Therefore in this section we start with the study of the 
behavior of the class G{n) under rescaling, which will be followed by a convergence result for 
blowup sequences. This will be a key tool in the subsequent arguments. 

Fix U G G{^) and let fi, iJ,i be associated functions and measures (respectively) in the sense of 
Definition 11.21 {i.e., such that ^ holds). For every fixed p,t > and xq G fl define the rescaled 
function 

V{x) ^ -U,;„,t[x) ^ , for X e A := — - — . 

P P t 

It is straightforward to check that V solves the system 

~Avi = g,{x,v,)-X„ in^'(A), i^l,...,h, (14) 

where 

1 

gi(x, s) ~ — /i(a;o + te, ps\ and Xi(E) — j^-^p,i(xo + tE) for every Borcl set E of A. 
p pt" ^ 
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Indeed, for any given ip € ^(A), 



J A 

t \ 1 /■ 

,-Wui{xi^ + tx)-Vtp fi{xo + tx,Ui{xo + tx))(f] dx + / (^(x) d/Xi(xo + t-) 

A VP P J J K 

iyu^ ■ V (<^((a; - xa)/t)) - ft{x, Ui)ip{{x ~ XQ)/t)) dx + [ if{{x - xo)/t) dfii{x) = 0. 



In this setting, for any yo G A and r e (0, d(2/o, 9A)), 

Eiyo,V,r) = ^f {\VV\' ~ {G{x,V),V)) 

and the following identities hold: 

Eiyo,V,r) = ^Eixo+tyo,U,tr), Hiyo,V,r) = \h{xo + tyo,U,tr), (15) 

and hence 

iV(j/o,^,r) = A^(a;o+tyo,;7,ir). (16) 

Moreover, 

Proposition 3.1. With the previous notations, V G ^(A). 

Proof. At this point the only thing left to prove is property (G3). In order to check its validity, 
just observe that by using and by performing a change of variables of the form x — xq + ty, 
we obtain 

d d 1 , \ t dE 

^■£'(2/0, ^r) = ——E{xo +tyo,U,tr) = -^-J^i^a +tyo,U,tr) 

2t f t 

= 2f4-'^\N-2 / (duU)'^ da + —R{xo + tyo,U,tr) 

P (tr) J aBtr(xo+tya) P 

2 f t 
^v^I / (d^^Vf + —R{xo + tyo, U, tr), 
^ JdBAvo) P 

and 

-^R{xo + tyo,U,tr) ^ ^——j^ / S2flix,u^){Vui,x - {xq + tyo)) + 

P P (tr) JBt^(xo+tya) ^ 

{N - 2){F{U), U) - J / {F{U), U) da 

Bt^ixa+tya) P V^^ ) J dBt^{xo+tyo) 



p^{tr)N-^ 
2 



T / y29iix,v^){yv,,x -yo)- 

JBJyn) , 



lB,.{yo) 

{N - 2){G{x, V),V) - [ {G{x, V), V) da 

Br{ya) r - JoBAyo) 

Riyo,V,r). 

□ 
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Next wc turn our attention to the convergence of blowup sequences. Let (1 17 and take some 
sequences a;^ G fi, J, 0. We define a blowup sequence by 

jj , . u{xk + tkx) n-xk 

Uk[x) = , for X e — , 

Pk tk 

with 

1 /■ 



Pfe = +tfc-)llL2(aBi(o)) = wv^ / U da = H{xk,U,tk). 

We observe that \\Uk\\L^(dBiin)) = 1 sjnd, by the previous computations, Uk G G{{^ — Xk)/tk) and 

- l^u^^k ^ fi,k{^,Ui^k) - i^i,k, (17) 

with 



1 

fi.k{s) = —.fi{xk + tkX, pks), f^i,k{E) = Tj-^fii{xk + tkE). 

Pk Pktk 

We observe moreover that (f2 — Xk)/tk converges to because d{xk,dn) > dist(f2,0fi) > for 
every k. In order to simplify the upcoming statements, we introduce the following auxiliary class 
of functions. 

Definition 3.2. We say that U e Giod^^) if U e 5(5^.(0)) for every R>0. 

In the remaining part of this section wc will prove the following convergence result and present 
some of its main consequences. 

Theorem 3.3. Under the previous notations there exists a function U G Gioci^^) such that, up to 
a subsequence, Uk U in C°^"(R^) for every < a < 1 and strongly in Hl^^W^^). More precisely 
there exist fLi G A^;oc(R"'^), concentrated onTfj, such that fii^ ^ Pi weak--k in A4ioc(^^), U solves 

- Au, = -ft, in ^'(R^) (18) 

and it holds 

d - 2 /■ 

—E{xo,U,r) = / {duUY da for a.e. r > and every xq & , (19) 

JdBr{xo) 

where E{xo,U,r) = ^^-i iBnixa) I^^P energy associated with (jl8p . 

The proof will be presented in a series of lemmata. 
Lemma 3.4. There exists r > such that for every < r < f and xq (z we have 

-4^ f |V[/p + ^/' U^da<2iEixo,U,r) + H{xo,U,r)). 

Proof. This result is a direct consequence of inequalities (fTT|) and ([T2|) . □ 
Lemma 3.5. For any given R> we have ||C/a;||hi(_Bh(o)) ^ C*, independently of k. 

Proof. Let C and f be constants such that Theorem 12. 2[ Corollary 12.61 and Lemma 13.41 hold for 
the previously fixed domain (l. We have, after taking k so large that tk,tkR < f, 

Ulda ^ \ U^{xk+tkx)da ^ ^ w-i / 

dBnifi) Pk JdBniO) Pk^k JdBt^n{xk) 

^ ^^_, H{xk,U,tkR) ^ ^N-l ( tkRV'' ^. C(R)R^-^ 

H{xk,U,tk) - \tk J ^ ' 
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(by Corollarv l2.6p . Moreover, 



C{R) 



< 



H{0, U, 



H{xk, U,tkR) 

= 2C(i?)iV(xfe, C/, tkR) + C{R) < 2C{R){N{xk, U, f) + l)e^'= - C{R) < C'{R), 

where we have used identities p5|) . the continuity of the function x ^ N{x,U,f), as weh as 
Theorem 12.21 and Lemma [3.41 □ 



Remark 3.6. Since -Aui,k < fi,k{x,Ui^k) = ^hi^k +tkX,Ui{xk +tkx)) < dtlu^^k (by property 
(Gl)), then a standard Brezis-Kato type argument together with the i7jQj.-boundedness provided 
by the previous lemma yield that \\Uk\\L=°{Bii(n)) ^ C'(i?) for every k. 

Lemma 3.7. For any given R > there exists C > such that ||A*i,fc|l a^(B;,(o)) = fJ-i,k{BR(0)) < C 
for every fc g N and i = 1, . . . ,h. 

Proof. We multiply equation (|17p by (p, a cut-off function such that 0<(p<l,(p = lm Bif{0) 
and V? = in \ B2b.{0). It holds 



Jb2r{0) JB2r(q) JB2r{0) 

< C(i?)||Vu.,fe|U.(B,,(o)) + C(i?)||u,,fc|U»(s,H(o)) < C{R), 

by Lemma 13.51 and Remark 13.61 □ 



So far we have proved the existence of a non trivial function U £ Hl^^CR^) n LJ^^(R^) and 
p.i € A^ioc(K.^) such that (up to a subsequence) 

Uk^U in HiL(K'^), 

Hi^k^P-i in7Wioc(R^). 

Moreover since -Awj^a,. ^ fi^k{x,Ui^k) - IJ-iM and \\fi,k{x,Ui^k)\\L-^(BR{<d)) < c^i|ll'"j,fc|lL~(BR(o)) 
then 

-Au,; ^ -fi, in ^'(M^). 

The next step is to prove that the convergence Uk ^ tj \s indeed strong in iJj^^ and in Cj^'" 
(see Lemmata 13.101 and 13.111 ahead). These facts will come out as a byproduct of some uniform 
Lipschitz estimates. 

Lemma 3.8. Fix R > 0. Then there exist constants C, f , fc > such that for k > k we have 

H{x,Uk.r) < Cr^ 

for <r <f and x € B2r{Q) C\ Tu^ ■ 
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Proof. We recall that Uk £ S(-B3_r(0)) for k large and apply Theorem 12.21 to the subset B2r{Q) <£ 
B3r{0). First of aU observe that for < s< \\Uk\\L'^{B3R{o)) it holds p^s < \\U{xk+tk-)\\L^(BaR{o)) < 
C'{R) (c/. Remark and hence by taking into account property (Gl) we obtain the existence 
of fc > such that 

max sup |/j,fc(a;, s)/s| < max sup tl\f,{xk+tkX,pks)/{pks)\<l 

» 0<S<||;7fc||i,oo(B3^(0)) ' 0<PkS<C'(R) 

for k > k. Therefore there exist C,f > independent of k such that the function r i-> {N{x, Uk,r) + 
l)e'^^ is non decreasing for x € -82^(0) and < r < f. If we suppose moreover that x G Fj/^^ then 
Corollary 12.71 yields 



log I ) = Uk,r) - 1) = -{{N{x, Uk, r) + l)e^'^e-^'- - 2) > -(e"^^ - 1) 



r 



which implies (after integration) 

H{x,Uk,r) ^ H{x,Uk,f) fr4 



□ 



Next we state a technical and general lemma, which proof we left to the reader (it is an easy 
adaptation of the standard proof of the mean value theorem for subharmonic functions, see for 
instance [HI Theorem 2.1]). 

Lemma 3.9. Let u G C^(ri) satisfy — Au < au for some a > 0. Then for any ball Br{xq) <e Q. 
we have 

Now we are in position to prove the Cj^'j^-boundcdness of {Uk}- 
Lemma 3.10. For every R> there exists C > (independent of k) such that 

l|t^fc||co.i(B„(o)) < for every k. 

Proof. Suppose, without loss of generality, that 

[Uk\co.i(Bnm ■= . max max ■ ■ = ■ ■ . 

^ "-^ " i=l....,hx,yeBHXO) \x-y\ \yk~Zk\ 

Define rk = \yk — Zk\ and suppose that 

2Rk := max{dist(?/fc,F„j J,dist(zfe,F„j J} = dist(zfe, F„j J. 

We can assume dist(zfc, F„^ ^) > 0, otherwise [?7fc]co i = and the lemma trivially holds. Moreover, 
in this case we obtain that dist(zfc,F„j j.) = dist(zfc, Fj/j.) because Ui^k ■ Uj_k = for i ^ j. 

We divide the proof in several cases. The idea is to treat the problem according to the interaction 
between yk , Zk and Tu^ ■ 

CASE 1. Tfc > 7 for some 7 > 0. 
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By the L°°-boundcdncss of Uk, it holds 



\yk-Zk\ 7 

CASE 2. rfc ^ and Rk > "f for some 7 > 0. 

Observe that in Bii^{zk) the function uij; solves the equation — Aui^^ = /i,fc(a;, wi^fc). By 
taking q > N we obtain the existence of C > independent of k such that 

["l,fe]cO'i(B-./2(^fc)) ^ (||wi,fe||L5(B^(^0) + ll/l,fc(2;,'^l,fc)||L<!(B^(2*,))) < C'7^'''^lkl,fe||L~(B-,(zfc)) < C''- 

Since € By/2{zk) for large fc, then [wi,A:]co i(i3H(o)) — ^ this case. 
CASE 3. Rk, rk^O and Rk/vk < C. 

Notice first of all that we can apply Lemma [331 to u\ ^ in BR^{zk), obtaining 



ulk{zk)<rj^J ul. + CRl 

On the other hand, let Wk G Tu^ n B2r{0) be such that dist{zk,Tu^) — \zk~Wk\- Lemma [XH then 
yields the existence of C > and f > such that for k large 

H{wk,Uk,r) < Cr^ , which imphes — ^ f < Cr^ for r < f . 

By taking k sufficiently large in such a way that 3i?fe < f , we have 

uUzk) < f ul, + CRl < / Ui + CRl < C'Rl < C'rl 



As for j/fc, either dist(j/fc, J = (and ui,k{yk) = 0) or dist(?/fe, J = dist(?;fc, FyJ > and 
we can apply the same procedure as before (with Rk replaced by dist(?/fe,r(7j.)/2 - observe that 
dist(yfc,rc/J < iRk 0), obtaining u\ ,^{yk) < Cdist^ {yk,Tu,) < C'Rl < C"rl Hence 

luiMiVk) ~ u,,kizk)\^ < Crl = C\zk - Vk?- 

CASE 4. Rk, rfe ^ and Rk/rk +00. 

In this case observe that once again if we fix g > there exists C > such that 

^ ^ (-Rfc^ll"i,fclU=-(Siijzfc)) + -Rfc) • 

Arguing as in case 3, we prove the existence of C > such that for large k and for every x e Bji^, (zk) 
it holds ulj^{x) < Cdist^(x,rc/J < C'Rl, and thus [ui,k]co.^{Ba^^2{zk)) - ^- ^^^^^ Vk ^ -Sj?fc/2(^fc) 
for large fc, the proof is complete. □ 



By the compact embeddings C^'^[Br{Q)) ^ C^'"(i?fl (0)) for < a < 1 we deduce the existence 
of a converging subsequence Uk ^ tj vci Cj°'". Now we pass to the proof of the H^- strong 
convergence, after which we finish the proof of Theorem 13.31 

Lemma 3.11. For every R > we have (up to a subsequence) Uk stronqly in H^{Bj^{0)). 
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Proof. Wc already know that the following equations are satisfied in ^'(i?2i?(0)) (for every i 



-Aui 



If we subtract the second equation from the first one and multiply the result by (iti.fe — Ui)ip (where 
is a cut-off function such that < (/3 < 1, <y9 = 1 in Bji{0) and ip = in M.^ \ B2r{0)), we obtain 

/ |V(ui.fc - -Oi)|V + / V(ui.fe - Uj) • V¥3(it,,.fe - Ui) = / fi,k{x,Ui^k){ui,k - Ui)Lp- 
Jb2r{0) JB2r(.q) Jb2r{0) 



Now we can conclude by observing that 



B2b(0) 



V(Mj_fc - Ui) ■ Vip {Ui^k - Ui) 



{ui.k - Ui)ip dfi,,k + {ui,k~ Ui)ipd^ii. 

B2r{0) JB2r{0) 



< c||M,_fc - Ui\\L^i^B2Rm\\^Ui,k\\LHB2Rm 0, 



B2r{0) 



h.k{x,Ui^k){Ui,k - Ui)Lp 



< C'll"i,/£||L°=(S2H(0))ll"i,fe ~ "i||L°'(B2H(0)) 0, 



and 



JB2R('d) 



< \\UiM-U,\\L^i^B2RiO)) (Aii,fc(-B2i?(0)) + Ht{B2R{0))) 



□ 



End of the proof of Theorem \3.3l After Lemmata I3.4H3.11] the only thing left to prove are the 
claims that the measures m are concentrated on (for i ~ l,...,h) and that property (G3) 
holds with F = 0. 

As for the first statement we start by fixing an i? > and by considering a cut-off function ip 
equal to one in i3fl(0), zero outside 52^(0). Since 



Uktpdfit^k = / Ukipdfi^^k = 0, 

B2r(o) JB2R(o)nru^ 



then 



= lim 



B2r{0) 



Uk(pdfii,k = fim / {Uk - U)ipd^i^k + fim 



B2r{0) 



im / Uipd^ii^k = / 
JB2r(o) Je 



U ip dfii. 



B2r{0) 



Thus Jsj^fQ-fU dfj.i = for every R > and in particular fJ-i{K) ~ for every compact set 
K C \ Ffj, which proves the first claim. 

As for the proof of the second claim, we recall that Uk G G{{^ — Xk)/tk) and hence for any 
given < ri < 7'2 the following equality holds 



E{xo, Uk, r2) - E{xQ,Uk, ri) = 



{d^UkY d<7 \ dr + R{xo,Uk,r)dr. (20) 



Since \{Fk{Uk),Uk) \ < dtl\Uk\'^ ^ 0, we obtain 
1 



E{xQ,Uk,r) = 

-'Br{xa) 



\yUk\^ - {Fk{Uk),Uk)) 



k r 



N-l 



Br(xo) 



|VC7p = S(.To,C/,r) 
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for each fixed ?- > 0. Moreover, 



R{xo,Uk,r)dr 
( 1 









< 


r 

















^Mx,Ui^k){^Ui^k,x - XQ)j dr 
1 









j dr 


+ 


r( 



rN-2 



dBr(xo) 



{Fk{Uk),Uk)da dr 



<Cir,,r2)tl 



JBr-^ixo) j Jb^^_(xo) 



Finahy, the fact that Uk U strongly in H^^^ implies, up to a subsequence of {Uk}, that 
there exists a function h{p) G L^{ri,r2) such that Jq^ ^^^^ |V([/fc — U)\'^ d<T < h{p), and moreover 

IdB.ixo) l^iU" - '^^ ^ fo"- a-C- ^ ^ Thus " 



„N-2 



dB^ixo) 



{d^U f da dr. 



We can now pass to the limit in ([20]) as k — > +oo, obtaining 



i.e., (G3) holds for with F = 0. 



aB,(2;o) 



{dMfda dr, 



□ 



Up to now we have dealt with blowup sequences with arbitrary moving centers {a;^}. Next we 
observe that some particular choices of Xk provide additional informational on the limit U . More 
precisely, we have 

Corollary 3.12. Under the previous notations, suppose that one of these situations occurs: 

1. Xk = xq for every k, 

2. Xk^ Xq e Tu and N{xo,U,0+) = 1. 

Then N{0,U,r) = 7V(.to, C/, 0+) =: a for every r > 0, and U r°'G{9), where {r,9) are the 
generalized polar coordinates centered at the origin. 

Proof. We divide the proof in three steps. 

STEP 1. N{{),U,r) is constant. 

First observe that N{0,Uk,r) = N{xk,U,tkr) and that Theorem 13.31 yields lim^ iV(0, C/fc, r) = 
A^(0, IJ, r). As for the right hand side, if ccfc = xq for some xo, then lim^- N{xo, U, tkr) = N{xo,U, 0+) 
for every r > by Theorem 12.21 In the second situation we claim that \imk N{xk,U,tkr) = 1. 
Denoting by f the radius associated to ft in the context of Theorem 12. 2[ for any given £ > take 
< f — f{e) < f such that 



N{xo,U,r) < 1 + 



for every < r < r. 



and 



2 4-2£ 
2 + £ ■ 



Moreover there exists tq > such that 

N{x, [/, f ) < 1 + £ for a; e (xq) C n. 
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Thus, again by Thcorcni l2.2[ wc obtain 

N{x, U, r) < (2 + e)e'^*^ - 1 < 1 + 2e, for every x g Br^ (xo), < r < f, 

and the claim follows by also taking into account Corollary 12. 71 
STEP 2. The derivative of N. 
An easy computation gives 

d_,,,^ . 2 
dr 



-i/(0,C7,r) = -I— / {U,dM)d(T fora.e. r>0 

r'^ ^ JdB^(xn) 



2 



which together with identity (fT9|) - for uq — Q - readily implies 

= -^A^(0,C7,r) = ^^^— J / tJ^daf {d^Uf da - ( ( {U,d.U)da 
for a.e. r > 0. 

STEP 3. U is homogeneous. 

The previous equality yields the existence of C(r) > such that d,^U = C(r)U for a.e. r > 0. 
By using this information in (jlOp we get 

. 2/aa.(o)(^:'9^^) ^'^ d - 2 

2C(r) = — ^— = — log(iJ(0, U, r)) = -a, 



r 



and thus C(r) = a/r and U{x) = r°'G{e). □ 

4 HausdorfF dimension estimates for nodal and singular sets 

As we mentioned before, our main interest is the study of the free boundary Tu = {a; e 51 : U (x) = 
0} for every U G G{^). As a first step in its characterization we will provide an estimate of its 
Hausdorff dimension. Regarding its regularity, we shall decompose Tu in two parts: 

• the first one - which will be denoted by Su - where we are not able to prove any kind of 
regularity result, but which has a "small" Hausdorff dimension, 

• the second one - Sjy - where we are able to prove regularity results (c/. Theorem II. ip . 
Definition 4.1. Given U G G{^) we define its regular and singular sets respectively by 

l^u = {x eVu ■■ N{x,U,0+) = 1}, and Su ^ Tu \Y,u ^ {x e Tu : N{x,U,0+) > 1}. 

In the same spirit of [6l Lemma 4.1] we prove that there exists a jump in the possible values of 
N{xoM,0+) for xo € Tu (recall that N{xo,U,0+) > 1 by CoroUarv [27l) . In [6], the authors deal 
with solutions of minimal energy, proving directly the existence of a jump in any dimension. In 
our general framework their strategy does not work; instead, we will obtain the same results via 
an iteration procedure. In the following proposition we start to prove the existence of a jump in 
dimension N ~ 2. The extension to higher dimensions will be treated in the subsequent sections. 

Proposition 4.2. Let N ~ 2. Given U E G{^) and xq € Tu, then either 

N{xo,U,0+) = l or N{xo,U,0+) >S/2. 
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Proof. Wc perform a blowup at xq by considering Uk{x) = U{xq + tkx)/pk, where pk = \\U{xo + 
tk-)\\L^{dBi{oy) s-nd tfc 4' is an arbitrary sequence. Theorem 13.31 together with Corollary 13.121 
(case 1) yield the existence oi IJ = r°'G{9) G tJioc(IIi^) with a ~ A^(a;o, C^, 0+) such that (up to a 
subsequence) Uk U strongly in iJ/^^ n Ci"f (R^) for every < /3 < 1. Moreover, each component 
Ui is harmonic in the open set {u,; > 0}, which implies that on every given connected component 
^ C {c,i > 0} C dBiiQ) it holds 

-g''{e) = \g^{e), with A = 

In particular A = Ai(A) (the first eigenvalue) because gi > and gi ^ 0, and moreover Ai(-) has 
the same value on every connected component of {G > 0}. 

Suppose that {G > 0} has at least three connected components. Then one of them, denote 
it by C, must satisfy ^^-^{0) < J^^{dBi{0))/3. By using spherical symmetrization (Sperner's 
Theorem) and the monotonicity of the first eigenvalue with respect to the domain, we obtain 

A = Ai(C) > Ai {E (7r/3)) , where E (7r/3) = {x e dBi{0) : arcos{{x, eg)) < 7r/3} 

(eg — (0,0,1)). Since Ai(i?(7r/3)) — (3/2)^ with eigenfunction cos(36'/2) - in polar coordinates - 
we deduce a > 3/2. 

Suppose now that {G > 0} has at most two connected components. Since N = 2 and {U = 0} 
has an empty interior (Remark 12. 5|) . then the number of components is equal to the number of 
zeros of G on 9i?i(0). Moreover G must have at least one zero, because otherwise G > on 
9-Bi(0), U is harmonic in \ {0} and hence U = Q (recall that C/(0) = 0), a contradiction. If 
G has one single zero then A = Ai(£'(7r)) = 1/4 and a = 1/2, contradicting CoroUarv 12.71 Hence 
we have concluded that G must have exactly two zeros. Denote by 51i and 0.2 the two connected 
components of {G > 0}. Since Ai(51i) = Ai(fi2), ^^i and 1^2 must cut the sphere in two equal parts 
and thus A = Ai(£'(7r/2)) = 1, a = 1. □ 

Corollary 4.3. For iV = 2 the set Sjj is closed in ^l, whenever U G G{0)- 

Proof. This is a direct consequence of Proposition 14.21 together with the upper semi-continuity of 
the function x i-^ N{x,U,0'^) stated in Corollarv l2.8l □ 

Moreover a careful examination of the proof of Proposition 14.21 provides a more detailed de- 
scription of the blowup limits: 

Remark 4.4. Let N = 2 and let C7 be a blowup limit under the hypotheses of CoroUarv 13.121 
Then {U > 0} has at least three connected components if and only if a = N{xq, U, 0+) > 1. If on 
the other hand a = N{xo, U, 0+) = 1 then {U > 0} is made of exactly two connected components 
and Tjj is an hyper-plane (more precisely, denoting by a normal vector of Tfj, then on one side 
of r the non trivial component of U is equal to ai(x ■ i^)"*", and on the other equals 02 (x • t")", for 
some ai, 02 > 0). 

Next we state and prove some estimates regarding the Hausdorff dimensions of the sets under 
study. The following result implies part of Theorem 11.11 

Theorem 4.5. LetUeg{n). Then 
1. ^MmiTu) <N-1 for any N>2. 

2- '^dimiSu) = for N = 2, and moreover for any given compact set f2 g f2 we have that 
Sjj Dfl is a finite set. 
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For the moment the second statement holds only for N ~ 2 because of the dimension restriction 
in Proposition 132] (which provides the closedncss of Su)- As we said before we shall extend ahead 
these results to any dimension greater than or equal to two. 

The rest of this section is devoted to the proof of this result. The idea is to apply a version of 
the so called Federer's Reduction Principle, which we now state. 

Theorem 4.6. Let T C {Lf^J^Ml^))^, and define, for any given [/ e J", e and t > 0, the 
rescaled and translated function 

U^„^t := U{xo+t-). 

We say that in J- iff Un ^ U uniformly on every compact set of M.^ . Assume that J- 

satisfies the following conditions: 



(Al) (Closure under resettling, translation and normaliztttion) Given any \xo\ < 1 — t,0 < t < 1, 
p > and U G we have that also p ■ Uxo,t G J^- 

(A2) (Existence of a homogeneous "blow-up") Given \xo\ < l,tfc i and U G J-, there exists a 
sequence pk G (0,+oo), a real number a > and a function U Cz J- homogeneous of degre^ 
a such that, if we define Uk{x) = U{xo + tkx)/ p^, then 

Uk — > U in T , up to a subsequence. 



(A3) (Singular Set hypotheses) There exists a map ,5^ : J- ^ C (where C {A C M.^ : AO 
Bi{0) is relatively closed in Bi(0)}) such that 

(i) Given |xo| < 1 ^ < i < 1 and p > 0, it holds 

y{p-u,,,) = (^(c/)).„,, := 

(a) Given \xo\ < 1, tk i and U,IJ ^ J- such that there exists pk > satisfying Uk '■— 
PkUxQ,tk U in J- , the following "continuity" property holds: 

Ve > 3fc(e) > : fc > fc(e) y{Uk) n Bi(0) C {x G : dist{x, ^{U)) < e}. 



Then, if we define 

d = max I dim L : L is a vector subspace o/R^ and there exist U £ J- and a > 

such that y{U) ^ and Uy.t = t"U Wy e L, t > 0} , (21) 

either y{U) n Bi{0) = for every U € F , or else J^dim{y{U) n Bi(0)) < d for every [/ G J". 
Moreover in the latter case there exist a function V G J-, a d- dimensional subspace L < and a 
real number a > such that 

Vy^t = t°'V yyeL,t>0, and J?^(F) n Si(0) = L n Bi(0). 

If d = then y{U) H Bp{0) is a finite set for each U e F and < p < 1. 

Up to our knowledge, this principle (due to Federer) appeared in this form for the first time in 
the book by Simon [211 Appendix A] . The version we present here can be seen as a particular case 
of a generalization made by Chen (see [9l Theorem 8.5] and [lOl Proposition 4.5]). 

^That is, U{tx) = fUix) for every t > 0. 
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Proof of Theorem \4-5\ A first observation is that wc only need to prove that the Hausdorff dimen- 
sion estimates of the theorem hold true for the sets Tu n Bi (0) and Sjj O Bi (0) whenever U G Q (il) 
with i?2(0) (E il. In fact, if we prove so, then we obtain that for any given il and U G G{^) it 
holds ^im(r(7 n K) < N - 1, JfdimiSu n K) < N - 2 for every K ^ Q (bceause rescahng a 
funetion does not change the Hausdorff dimension of its nodal and singular sets). Being this true 
the theorem follows because a countable union of sets with Hausdorff dimension less than or equal 
to some 71 G Mq also has Hausdorff dimension less than or equal to n. 

Thus we apply the Federer's Reduction Principle to the following class of functions 
T = {U e {L^'^iR'^))'' : there exists some domain n such that ^2(0) d n and f7|,, G Gi^)}. 

Let us start by checking (Al) and (A2). Hypothesis (Al) is immediately satisfied by Proposition 
13.11 Moreover, let |a;o| < 1, tfc | and U £ J^, and choose pk = \\U{xo + tfea;)||L2(aBi(o))- Theorem 
13.31 and Corollary 13.121 (case 1) yield the existence of C/ G such that (up to a subsequence) 
Uk — > C/ in J" and [7 is a homogeneous function of degree a = N{xo, U, 0+) > 0. Hence also (A2) 
holds. Next we choose the map ^ according to our needs. 

1. (dimension estimate of the nodal sets in arbitrary dimensions) We want to prove that 
Jfdim{Tu n Si(0)) < TV - 1 whenever U G T. Define ^ : T C hy 5^{U) = Tu {Tu n Si(0) is 
obviously closed in i?i(0) by the continuity of U). It is quite straightforward to check hypothesis 
(A3)-(i), and the local uniform convergence considered in F clearly yields (A3)-(ii). Therefore, in 
order to end the proof in this case the only thing left to prove is that the integer d associated to 
y (defined in (|2T|) ) is less than or equal to iV — 1. Suppose by contradiction that d = N; then 
this would imply the existence of y G J-" with .S^{V) ~ R^, i.e., V = 0, which contradicts the 
definition of Q. Thus d<N-l. 

2. (dimension estimate of the singular sets in the case N = 2) This is the most delicate case. 
As we said before, the restriction of is only due to Proposition 14.21 As we shall see, the rest 
of the argument does not depend on the chosen dimension; for this reason, and since moreover we 
will prove the closedness of Su for any dimension > 2 in Section |6l we decide to keep A^ in the 
notations. We define : — > C by rS^{U) = Su (which belongs to C by Corollarv l4.3|) . The map 
satisfies (A3)-(i) thanks to identity (|16p . more precisely 

X G y{Ua,,,^t/p) <=> N{x, U^o,t/p, 0+) > 1 4^ N{xo + tx, U, 0+) > 1 ^ xo + tx e ,9'{U). 

As for (A3)-(ii), take Uk,U G J- a.s stated. Then in particular Uk ^ U uniformly in i?2(0) and 
by arguing as in the proof of Lemma 13.111 it is easy to obtain strong convergence in H^(B^/2(fi))- 
Suppose now that (A3)-(ii) does not hold; then there exists a sequence Xk G Bi{0) {xk — >■ x, up to 
a subsequence, for some x) and an e > such that N{xk, Uk,0^) >l + d and dist(a:fe, .5^(J7)) > e. 
But then for small r we obtain (as in the proof of Corollarv l2.8p 

N{xk,Uk,r)>{2 + 6)e^^'--l, 

and hence (since N{xk, Uk, r) — > N{x, U, r) in k for small r) N{x, U, 0+) > 1 + S, a. contradiction. 

Finally let us prove that d < N — 2. li d = N — 1 then we would have the existence of a 
function V, homogeneous with respect to every point iifl R^~-^ x {0} such that Sy = x {0}. 

Now, if we take a usual blowup sequence centered at = {V{tkx)/ pk), we obtain at the limit 
a, function U = r'^G{e) G 5ioc(R^) with a = N{xo,V,0+) > 1, harmonic in \ Tu such that 
U{y + Xx) = X^jJix) whenever y G M^"^ x {0}, x G R^. We prove that Tjj = R^^^ x {0}, 
which leads to a contradiction since Hopf's Lemma implies a = 1. Since U{x) = VmYV{tkx)/pk 
and Tv = R^"^ x {0}, it is obvious that R^-^ x {0} C Fp. If there were y G Fp \ (R^-^ x {0}), 
then since U is homogeneous with respect to every point in R^~^ x {0}, we would have that either 
M^^^ X [0,+oo) or R^^^ x (— o3,0] would be contained in F^. contradicting Remark 12.51 □ 

"For some a > we have V{y + Xx) = \°'V{x) for every y e M^"^ X {0}, x 6 M^. 
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Remark 4.7. The proof of Theorem 14.51 -2 would hold in arbitrary dimensions provided that for 
every N > 2 there exists an universal constant Jjv > 1 such that either N{xo,U,0~^) = 1 or 
N{xqU,0^) > Sn, whenever U £ G{^) and xq G F^/. A careful examination of the proof of 
Proposition 14. 21 shows that the latter statement is equivalent to the following one: 

• for every U = r°'G{e) G GiodR^) with AC7 = in {U > 0}, either a = 1 or a > 1 + Jat. 

5 Regularity results under a flatness-type assumption 

This section is devoted to the proof of the following auxiliary result. 

Theorem 5.1. Let VI he a domain in with N > 2. Fix U G G{^) and let F* be a relatively 
open subset of Tij such that the following property holds: 

For any xq G F* take xu — xg, tk \. 0, and U G Qioci^^) such that 
(P) tJ = \iTakU{xk+tkx)/pk with pk = \\U{xk+tk■)\\L■^{^Bl('0))■ 
Then Fp is a hyper-plane passing through the origin. 

Then F* is a C^'" hyper-surface for every < a < 1 and for every Xq G F* 

lim^ \VU{x)\ = lim_ \VU{x)\ ^ 0, (22) 

where the limits represent an approximation to xq coming from opposite sides of the hyper- surface. 

Remark 5.2. In dimension N ^ 2, for every U G Gi^), property (P) holds for F* := Y,u, as 
previously observed in Remark 14.41 

In general, Theorem [331 yields that every blowup limit U belongs to tJioc(R^) and that —Aui = 
fLi, with j2i G A^ioc(IR^) non negative and concentrated on F^. Property (P) says that such nodal 
sets are "flat", whenever the blowup limit is taken at points of F*. Hence Theorem 15.11 states 
that "locally flat" points of the free boundary Tjj (for U G G{^)) are regular and that a reflection 
law holds. The previous theorem will be an important tool in the proof of Theorem ll.il (this will 
became clear in Section [HI ahead) : we will be able to apply this result to S^/ in any dimension 
iV > 2. 

The strategy of the proof of Theorem 15.11 is as follows: property (P) will provide a local 
separation property fProDOsition l5.4[) . This, together with the fact that U G ^ioc(K^) will allow us 
the use of a reflection principle (Lemma l5.6p . which will in turn imply that in a small neighborhood 
of each point in F* a certain equation can be solved and has a C^'" solution (Theorem 15. 7p . The 
nodal set of this solution will be equal to Fj/, and the final step will be to establish that its gradient 
is non zero on F[/. 

From now on we fix t/ G Gi^) with n CR^ {N >2) and let F* be a relatively open subset of 
F[/ satisfying assumption (P). Take an open set $7 d such that Tu O ft ~ T* O (l, that is, all the 
nodal points of U in the closure of Cl belong to F*. In the following lemma we prove that Tjj n (l 
verifies the so called {N — l)~dimensional (5-Reifenberg flat condition for every < J < 1. 

Lemma 5.3. Within the previous framework, for any given < 6 < 1 there exists R > such that 
for every x £ T* nfl — Tu D Q and < r < R there exists an hyper-plane H = H^ ^ containing x 
such that^ 

d.^{Tu nBr{x),Hn Br{x)) < Sr. (23) 

^Here dj^{A,B) := max{sup^g^ dist(a, _B), supjjgg dist(A, 6)} denotes the HausdorfT distance. Notice that 
djffi-AjB) < 5 if and only if A C Ns(B) and B C Ng{A), where Ns{-) is the closed 5— neighborhood of a set. 
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Proof. Arguing by contradiction, suppose there exist (5 > and subsequences G F* H f2, r„ — >■ 
such that 

d^{Tu n Br^{x„), H n Br^{xk)) > Srk. 

whenever H is an hyper-plane passing through Xk ■ If we take a blowup sequence of type Uk {x) = 
U{xk + rkx)/pk (here we use the notations of Section [3]), then the contradiction statement is 
equivalent to have 

d^{Tu,nBi{0),HnBi{0)) > s 

whenever H is an hyper-plane that passes through the origin. Since, up to a subsequence, Xk — ^ 
X G Tu O Cl ~ r* O Cl, Theorem 13.31 together with property (P) implies the existence of a blowup 
limit U whose nodal set Tjj is a hyper-plane containing the origin. Hence we obtain a contradiction 
once we arc able to prove that 

d^{Tu, n Si(o), r^, n Bi(o)) ^ o. 

i) For every e > there exists A: > such that 

Tu, n Bi (0) C N, {Tjj n Bi (0)) for every k>k. 

Were the previous inclusion not true and we would obtain the existence of £ > and of a sequence 
Uk € r\Bi{0) such that dist(yfe,r[;ni3i(0)) > e. Up to a subsequence, yk y & r^ni3i(0) by 
the convergence Uk — ^ U; moreover, since Tfj is a hyper-plane passing the origin, we deduce 
that dist(y,rp n i?i(0)) — 0, which provides a contradiction. 

ii) For every £ > there exists fc > such that 

r^; n Bi (0) C (Tu, n Bi (O)) for every k>k. (24) 

First of all we prove that given x € and S > 0, Uk must have a zero in Bs{x) for large k. If 
not, by recalling that Ui^k • = whenever i ^ j, we would have Ui^k > in Bs{x) for some i 
and moreover Aui^k ~ and Uj,k = (for j =/= i) in such ball. This would imply Uj = 0, Aui = 
in Bs{x) with x £ Fp, and therefore C7 = in ^^(a;), a contradiction by Remark 12.51 

Now we are in condition to prove p4|) . We use once again a contradiction argument: suppose the 
existence of e > and yk GT^n i?i(0), j/fc -)> y G Fp n Bi{0), such that dist{y kjTu^ n Bi{Q)) > e. 
Since Fp is a hyper-plane passing trough the origin, we can take y € Fp n -Bi(O) such that 
ly — y| < e/4. Moreover, by making use of the result proved in the previous paragraph, we can 
take a sequence yk G F^^. n Bi{Q) such that \yk — y\ < e/4 for large fc. But then 

dist(j/fc,Fp n Bi(0)) <\yk-yk\< +\yk ~ y\ + \y ~ y\ + \y ~ yk\ < 3e/4 < e 

for large fc, a contradiction. □ 

With the {N — 1) -dimensional J-Reifenberg property we are able to prove a local separation 
result. We quote Theorem 4.1 in [22] for a result in the same direction. 

Proposition 5.4 (Local Separation Property). Given xq G F* there exists a radius Rq > such 
that Biig{xQ)r]T* ~ Biig{xo)r]Tii and Bfig{xo)\Tu — Biig{xo)r]{U > 0} has exactly two connected 
components f2i,r22- Moreover, for sufficiently small S > 0, we have that given y G Tu D BRg{xo) 
and < r < R \y\ there exist a hyper-plane Hy^r (passing through y) and a unitary vector Vy^r 
( orthogonal to Hy^r) such that 

{x + tVy r G B.r{y) : x G Hy ,., t > Sr} C fli, {x — tUy ,. G B^iy) : x G Hy t > Sr} C 1^2- 
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Proof. Let s be such that B2s{xq) n F"^ = -625(2^0) H Tjj (which exists since T* is a relatively open 
set in Tu) and fix 5 < 1/8. With the notations of Lemma [5. 3 [ for tt := Bs{xo) there exists R > 
such that Tu D Bs{xo) satisfies a ((5, i?)-Reifenberg flat condition. We show that Proposition 
holds with the choice Rq := min{i?, s}. 



Lemma 1 5 . 3 1 yields the existence of an hyper-plane H^oMo containing the origin such that 

d^{Tu n Br„{xo),H,„m„ n Br,{xo)) < SRo. (25) 

Thus the set B]ig{xo)\Nsjig{Hxgjig) is made of two connected components, say Ai and A2, which 
do not intersect Tij. Define the function 



1 if X e Ai, 
if X e A2. 



Now take any point xi £ Tu n Br„{xo) C Nsiio{H^g n Br„{xq) and consider a ball of radius 
Ro/2 centered at xi. Once again by Lemma 15.31 we have the existence of an hyper-plane H^^ 
such that 

djpiTu n Bi?V2(2:i),-ff.i,iio/2 n Bfl„/2(a;i)) < SRo/2. 
This inequality together with ([25l) yields that 

^A-iio/2(-^^xi,i?,o/2) n Br^/2{xi) n BB.o{xn) C N4SRo{H.roMo) H Sfl,,(.To). 

Hence Bug^xo) Ci Bfi^/2{xi) \ -/V5_R(,/2(-ffa;i,i?o/2) has exactly two connected components where one 
intersects Ai but not A2, and the other intersects A2 but not Ai. Thus the set 

(u.ier,,nSH„(.o)5%(a;o) n Br^^/2{xi) \ NsR„/2iH{xi, Ro/2))^ UA1UA2 

has exactly 2 connected components which do not intersect Tu and hence we can continuously 
extend (by ±1) the function a to this set. 

Now we iterate this process: in the fc-th step, we apply the previous reasoning to a ball of radius 
Ro/2^ centered at a point of Tu- In this way we find two connected and disjoint sets fii, £72 such 
that Biig{xo)\Tu = fliUfl2, Ai C fli, A2 C ^2- Moreover, the function a : Bi{0)\Tu {-1,1} 
defined by a(x) = 1 if x G fti, a(x) = —1 if x € f22 is continuous and thus Bfi„{xo) \ Tu has 
exactly two connected components. In order to check the continuity, take x € Bn^ixo) such that 
dist{x,Tu n BRf^{xQ)) =: 7 > 0, let x G Tjj n B]ig{xo) be a point of minimum distance and take 
k so large that Ro/2''^^ < 7 < Ro/2''; then x G 5_Ro/2'-' (2:) \ -^5^0/2'= (^s,_Ro/2'=) hence a is 
constant (recall the construction of this function) in a small neighborhood of x. □ 



From now on we fix xq & T* and take i?o > as in Proposition 15.41 Denote by i}i,Q2 the 
two connected components of Biig{xo) n {U > 0} and by u and v the two functions amongst the 
components of the vector map U that satisfy Br^{xo) n {u > 0} = ili, Br^{xq) n {w > 0} = ^2- 
Two situations may occur: 

1. u ~ Ui and v = Uj in Br^{xq) for some i 7^ j. In this case = in Br^^^xq) for k ^ 
and (u,w) = {ui,Uj) e ^/(^^^^(xo))- 

2. Ufc = for all fc 7^ i for some i. In this case we take 

, . _ { Ui{x) if .T e r^i ( \ — i "*(^) if x s rj2 

"^""^"1 ifxeBi^„(xo)\f7i ifxeBi^„(xo)\r!2 

The next statement shows that {u,v) e G{BRg{xo)) also in this situation. 



22 



Lemma 5.5. Under the situation of case 2 described before we obtain u,v G H^{Bj^g{xQ)), Vu = 
VuiXsii 7 Vw = VuiXsi2 '^i^d, the existence of non negative Radon measures A, /i such that = A + /i 
and 

-Av = f,{x,v)-^ ^"SfloM. 

Proof. We prove the result for u only. Take G ^(i3i?o(a;o)) and consider a sequence e„ — !• such 
that the sets {u > e„} are regular (which exists by Sard's Theorem). Wc have 



uVip — / UiVtp = lim / UiVip 

Bb.o{xq) Jui " A2in{«i>e„} 



lim / —Vuiip + lim / Uitpi' 

'f2in{ui>e„} " "'f2ina{M,>e„} 



—Vuiip + lim / Sn'^'-P = / —Vuiip 

" "'f2in{M>e„} 

and hence Vu = VuiXiii- On^ the other hand the existence of the measure A comes from the fact 
that Au + fi{x, u) > in ^'(B^q (xq)): taking ip>0, 

/ {u Aip + fi{x,u)(p) = \im {uiA(p + fi{x,Ui)ip) ^ lim {uid^ip - d,yUi(p) , 

Jbr„(xo) " JOin{«>e„} " jnin9{ui>£„} 

Now the result follows because 

lim / Uid^(p = lim / £nA(p = 0, and / —d^Ui(p > 0. 

" ^Oina{M.>e„} " ^Oin{«.>e„} JOina{«.>e„} 

□ 

Hence in both cases the situation is the following: we have two non negative _ff ^-functions u, v 
such that u -w = in Buoixo), Bjig{xo)n{u > 0} = fii, Bro{xq) n {v > 0} = VL2, BRg{xo)\Vu = 
fii U ^2, and there exist functions f,g satisfying (Gl) and nonnegativc Radon measures A,/i 
satisfying (G2) such that 

~Au = f(x,u) — X ■ r> , \ 

-Av = g(x, V) — fi u \ / 

Moreover assumption (G3) holds. To end this section we will prove that in fact A = ^ in Bji^{xq), 
which will moreover imply that F* H -Bflp(xo) is a C^'" hyper-surface. 

Lemma 5.6 (Reflection Principle). Letu,v e Hl^^{M.^)C^C{M.^) be two non zero and non negative 
functions in M.^ such that u ■ v = Q and 

As = A • toJv 

iXv ~ /i 

for some X, jl G Aiiod^^), locally non negative Radon measures satisfying ( G2). Suppose moreover 
that r := r(M,ii) — d{u > 0} = d{v > 0} is an hyper-plane and that (G3) holds, that is 

^E{xo,iu,v),r)^^^ [ {{d,uf + {d,vf)da /or ei^ery xq G M^, r > (26) 

(where we recall that E{xq, {u,v),r) = _^J-_2 /g j^^^^(|V?2p + |V5pj in this case). Then for every 
Borel set E CR^ it holds 



XiE)= / -d^uda= / -d^vda = fl{E) 

JEndiuyo} JEnd{v>0} 



and in particular A(u — v) = in . 



pN 
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Proof. Suppose without loss of generality that F = M^"^ x {0} and that w ^ in {xn > 0}, v ^ 
in {xn < 0}. In this case we observe that u G C°°{{xn > 0}), v £ C°°{{xn < 0}) and that our 
goal is to check that 



J EnT JEnr 



I Enr JEnr 
where cat is the vector (0, . . . , 0, 1). We divide the proof in two steps. 
STEP 1. For every E Borel set of it holds 

XiE)^ / de^uda and H^) ^ / -d^^vda. (27) 
JEnr JEnr 

We present the proof of this claim only for A - for /x the computations are analogous. It suffices 
to prove that ([77]) holds for every open ball Br{xo)- If Br{xo) n F = then X{Br{xo)) — and 
equality holds. If on the other hand i3r(xo) nF ^ then for any given 6 > take ips to be a cut-off 
function such that (ps ^ 1 in Br-s{xo), tps ^ in \ Br{xo). We have 



tps dX ~ Vu • Vips — Vu • Vips 

B^{xo) JBr{xa) J Br(xo)n{u>0} 

AuLps- / {d^eNu)fsda 
B,-(xo)n{fi>o} JBr-ixo}nr 

{dej^ u)ips da. 

Sr(xo)nr 



Thus 



X{Br{xQ)) = lim / ipsdX = / dgj^uda. 

^^^JBr-ixo) JBr-{xo)nr 



STEP 2. de^u = -de^v in F. 

By using the regularity of u, v together with the fact that F is an hyper-plane, we will compute 
the derivative of E directly, and compare afterwards the result with expression (|26p. Since u,v € 
HU^^), then 

^EixoAu,v),r) = ^/ (IVup-f |Vz;n + ^ / i\\7 u\' + \\7 v\') da 

r JBrixa) ^ JdBrixo) 



2-N 



;,.(3:o)n{fi>0} ' J dBr(xo)n{u>0} 

' J Br{xa)n{v>0} " J dBr(xo)n{v>0} 



In order to rewrite the integrals on dBr{xo), we use the following Rcllich-type identity 

div ((x- a;o)|V?2p - 2{x - xq, Vu)Vu) = (iV - 2)|Vup - 2{x - xq, Vi2)Am (28) 

in Br{xt)) n {u > 0} (recall that u is smooth in this set). By the fact that Am = in the latter set 
and that Vit = (9e„u)eAr on d{u > 0} = F, we have 

|VSp = 2/ {d.uf~- I {d,,uf{eM,x-x^) + ^~'^ 



dBr(xo)n{u>0} J dBr(xo)n{u>0} ^ J Br-(xo)nr J Br(xo)n{u>Q} 

and analogously 

/ |V«p = 2/ {d,vY+- [ (d,,vf{eN,x-xo) + ^^f \Vi 

jaB^{xo)n{v>o} JaBr-{xo)n{v>o} ^ J B^(xQ)nr ^ J B^{xo)n{v>o} 
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Thus 

which, comparing with (|26p . yields that 

[{de^vf - {de^uf]{eN,x - xq) = for every a;o e K^, r > 0, 

B,(a;o)nr 

and therefore (9e„w)^ = (9e„u)^ on F. Finally we just have to observe that \dej^u\ = de^u and 

Theorem 5.7. VFit/i the previous notations we have X{E) — fi{E) for every E Borel set of Bji^ (a^o). 
and in particular 

- A{u- v) ^ f{x,u) - g{x,v) in Buoixo). (29) 



Proof. We claim that 



lim 41441 = 1 f""^ e^ery j/ G F^ H B«„ (a;o)- 



Fix y e F[/ n Bfjg{xo) and consider any arbitrary sequence rfc ^ 0. If we define Uk{x) = u{y + 
rkx)/pk, Vk{x) = v(y + rkx)/pk as a usual blowup sequence at a point y, and consider Xk^Pk to 
be the associated rescaled measures, then Theorem 13.31 vields the existence of a pair of functions 
{u,v) € 5ioc(Ili^) and measures (A,/2) such that 

Uk u, Vk^v in HI^^ n Ci°'" 

Afc ^ A, /ifc /I in the measure sense, 

and Alt = A, Aw = /2 in R^. Property (P) implies that F(g 5) is a hyper-plane passing through 
the origin. From this fact, the uniform convergence of Uk,Vk to u,v, and the second statement of 
Proposition [521 we deduce also that u,v ^ 0. Thus we can apply Lemma l5.6l to the functions u, v, 
which provides 

X{E) = / —d^ud(7= I —d^vda-~p.{E) 

JEnd{u>0} JEnd{v>0} 

for every Borel set E of M^. In particular A(Bi(0)) M(i?i(0)) ^ and X{dBi{0)) = fl{dBi{0)) = 
0, thus 

Afe(-Bi(0)) A(-Bi(0)), Aifc(^i(0)) ^ M^i(O)) 
(see for instance [121 §1.6~Theorem 1]) and 

^ ^ A(Ei(0)) ^ ^.^^^ Afc(gi(0)) ^ j.^ A(S^ 
m(Bi(0)) k nkiBiiO)) k piBrMY 



as claimed. 

Therefore D^X{y) = 1 for fj.~a.e. y S Biig{xo) and D\p{y) = 1 for A-a.e. y € Biig{xo) (recall 
that both A and fj. are supported on F), and hence the Radon-Nikodym Decomposition Theorem 
(see for instance [Ml §1.6 - Theorem 3]) yields that for every Borel set E C Biig{xo) 

X{E) ^ Xs{E) + fi{E) > fi{E) 
li{E) = p,{E) + X{E) > X{E) 

(where As > represents the singular part of A with respect to /i and /is > represents the singular 
part of fj. with respect to A). Hence A(£') = IJ.{E), which concludes the proof of the theorem. □ 
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With the foUowing result we end the proof of Theorem 15.11 
Corollary 5.8. Under the previous notations, u — v E C^'"(i?flf, (xq)) for every < a < 1, and 

V(m-w)(xo) ^0. 

Proof. Since w = u — v solves —Aw = f(x,w~^) — g{x,w~) and /(a;,u>+) — g{x,w~) € L°°{B), 
then standard elliptic regularity yields w g C^''^{Br„{xi))) for all < a < 1. Now if we consider a 
blowup sequence centered at xq, namely Wk{x) := (u(xq +tkx) — v{xo + tkx))/ pk then 

Wk^w:^u-v in n {B2 (0)) 
-Auife = fk{x,Uk) - gkix,Vk) -^0 in i°°(B2(0)) 
Aw = in ^2(0) 

and hence 

\\wk - w|lci.°(Bi(0)) < C{\\wk ~ u)||L~(i32(0)) + \\fk{x,Uk) ~ 9k{x,Vk))\\L--{B2m) 0. 

Since (by Corollary 13.1 2p w is a homogeneous function of degree one, then Vw(0) 7^ and thus 
also Vwfe(O) = rk'^w{xo)/pk 7^ for large k. □ 

Proof of Theorem 15. Jl Corollary 15.81 implies by the Implicit Function Theorem that T* is indeed 
a C^'" hyper-surface. Furthermore, equation p9| implies the reflection principle (p2)) . □ 

Remark 5.9. We consider here the case when the functions u,; may be vector valued. In this 
case, we apply the previous results to the positive and negative parts of each amongsts their 
scalar components. The reflection Lemma 15.61 still holds and gives equality of the total variations 
||A||(i?) = ||7i|j(i?) . Consequently, also Theorem 15.71 holds for the total variations of the measures 
A and /i. In contrast, Corollarv l5.8l in no longer available for the case of vector valued components 
Ui. In order to complete the proof, we have to exploit the iterative argument introduced in [6] in 
order to improve the flatness of the free boundary. The proof makes use of the boundary regularity 
theory by Jerison and Kenig and Kenig and Toro in non tangentially accessible and Reifenberg flat 
domains (see [231 El]) and provides C^'" regularity of the regular part of the nodal set. 

6 Proof of the main result in any dimension > 2: iteration 
argument. 

Given iV > 2, by taking in consideration Theorems 14.51 and 15 . 1 1 as well as Remark 14.71 we deduce 
that in order to prove our main result (Theorem 1 1.1|) it is enough to check the following. 

Lemma 6.1. Let N > 2. Given U = r"G{d) e Giod^^) such that AU ^ in {U > 0}, then 
either a=lora>l + SN for some universal constant Sn depending only on the dimension. 
Moreover if a = \ then Tfj is an hyper-plane. 

In fact, assuming for the moment that Lemma |6 . 1 1 holds : 

Proof of Theorem[Tji Fix iV > 2, C and let U G g{n). By Theorem |43^1 we have 
=^im(rc/) < — 1. Next, for each a;o <E il, take a blowup sequence Uk{x) = U{xo + tkx)/ pk. 
Theorem 13.31 and Corollary 13.121 (case 1) together imply the existence of a blowup limit tj ~ 
r"G{e) e Gioci^^) such that AC7 = in {C7 > 0}, and a = N{xo,U,0+). Thus we can apply 
Lemma [6.11 which allows us to deduce that either N{xo, U, 0+) = 1 or N{xo, U, 0+) > 1 + 5n, for 
some universal constant 5n > 0. In this way, being Sjj, "^u the sets defined in Definition 14.11 we 
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obtain (by repeating exactly the proofs of Corollary 14. 31 and Tlieorem l4.5l -2) that Su is closed, S[/ 
is relatively open in Tu, and that J^dimi^u) < N —2. Finally, Corollary [332] (case 2) and Lemma 
16.11 imply that T* := Sfy satisfies condition (P) in Theorem 15. 1[ which shows that E;/ is a C'^'°' 
hyper-surface and that ([T]) holds. 

Furthermore, in dimension N=2, we know from Theorem 14.51 -2 that Su is locally a finite set. 
For each yo G Su take a small radius such that Su C Br{yo) = {yo}- Since ([T]) holds, we can apply 
the same reasoning of Theorem 9.6 in [T2] to the ball Br{yo), proving this way that Ej/ n Briyo) 
is a finite collection of curves meeting with equal angles at yo, which is a singular point. □ 

The remainder of this section is devoted to the proof of Lemma 16.11 Its proof follows by 
induction in the dimension A^. For N ~ 2 the statement holds by Proposition 221 and Remark 14.41 
Suppose now that the claim holds in dimension — 1 and take U ~ r"G{9) e ^ioc(IR^) such that 
AU = in {U > 0}. We first treat the case in which the positive set has three or more connected 
components. In three dimensions the exact value of 6n has been proven to be 1/2 in [21| . 

Lemma 6.2. // {G > 0} has at least three connected components then there exists an universal 
constant Sn > such that a > I + Sn . 



Proof. Wc argue exactly as in the first part of the proof of Proposition 14.21 (from which we also 
recall the definition of E{6)). Note that for every connected component A C {g, > 0} C S^~^ it 
holds 

—AgN-iQi = Xgi in A, with A = a{oi + N — 2) and A = Ai(^). 

At least one of the connected components, say C, must satisfy ,y{f^~^{G) < J^^~^(S'^~^)/3, and 
hence A = Ai(C) > Ai(£'(7r/2)). Moreover it is weh know that Ai(£'(7r/2)) = - 1. This implies 

the existence of 7 > such that Ai (i;(7r/3)) = TV- 1 +7, and thus a = {^^Y +^^"^ - '^+^n 
for some 5jv > 0. □ 



From now on we suppose that {G > 0} has at most two connected components. In order to 
prove Lemma 16.11 the next step is to study the local behaviour of the function U at its non zero 
nodal points yo £ Tjj \ {0}. This study is accomplished by performing a new blowup analysis. 
Because U is homogeneous it suffices to take blowup sequences centered at yo G Tu H S^~^ = To- 

Fix yo n S^^^ and consider Vk{x) := U{yo + tkx)/ Pk for some tk i and pk = \\U{yo + 

^fc')lli=(a-Bi(o))- Theorem 13.31 and Corollarv 13.121 provide the existence of a blowup limit V = 
r^H{0) € CJioc(K^), with 7 = N{yo, U,0'^). By the homogeneity of U we are able to prove that V 
actually depends only on iV — 1 variables. 



Lemma 6.3. It holds V{x + Xyo) = V{x) for every X > 0, x G 



Proof Fix X e and A > 0. RecaU that Vk V in G"^"{R^), which in particular implies 
pointwise convergence. Hence in particular Vk{x) V{x) and Vk{x + Xyo) V{x + Xyo)- In 
order to prove the lemma it is enough to check that limfe(Vfe(a; + tyo) — Vk{x)) — 0. From the 
homogeneity of U one obtains 

Vk{x + Xyo) = —U{yo+tk{x + Xyo))^—U{{l + Xtk)yo + tkx) 
Pk Pk 

- + ^''^"-U (yo + -^x) = (1 + Xtk)-Vk 



Pk V 1 + Atfe y vi + *feA 
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Take a compact set K containing x and x/ (1 + Xtk) for large n. There exists a constant C = C{K) 
such that 



\Vk{x + Xyo)-Vkix)\ = 



< 



(1 + xhrvk 
(1 + xhrvk 



x 



l + tkX 
x 



l + Xtk 
< C\il + Xtk)" - l\ + c 



Vk{x) 
Vk 



1 + Xtk 



Vk 



1 + xtk 



Vk{x) 



1 



1 + Xtk 



1 



\x\°' ^ 



□ 



Next we use the induction hypothesis in order to prove a jump condition of the possible values 
of7 = 7V(yo,C/,0+). 

Lemma 6.4. With the previous notations either 7>1 or j > 1 + 6n-i- Furthermore if 7 = 1 
then Ty is a hyper-plane. 

Proof. Up to a rotation we can suppose that yo ~ (0, ... ,0, 1). Hence by Lemma 16.31 V{x) = 

. . .,XN-i) = . . .,XN-i)\^H (igi^^f^) , Ak«-iF = in > 0} and t^R«-ix{o} e 

QiocO^^~^)- Hence by the induction hypothesis either 7 = lor7>l + Sn-i. Moreover if 
7 = 1 then Ty n x {0}) is an {N — 2)-dimensional subspace of R^^^ and hence Ty is an 

hyper- plane in M . □ 

The previous result shows that given yo e n S"^"^ then cither iV(j/o, ?7, 0+) = 1 or 
Niyo,U,0+) >1 + Sn-i. 

Lemma 6.5. Suppose there exists yo G n S^^^ such that N{yo,U ,0^) > 1 + 3n-i. Then 
a ^ N{0,U,0+) > I + Sn-i- 

Proof. Take, for every t > 0, the rescaled function Uo^t{x) := U{tx) = t°'U{x). By taking into 
account identity we obtain that for every r > 

7V(yo, C7, r) = N{yo, f'U, r) = Niyo, Uo,t, r) = N{tyo, U, tr). 

Therefore N{tyo, U, 0+) = N{yo, U, 0+) > 1 + (5jv-i and the conclusion of the lemma follows from 
the upper semi-continuity of the function y i—> N{y, U, 0+) fCorollarv l2.8|) . □ 

From now on we suppose that the set {G > 0} has at most two connected components and 
that N{yo, U, 0+) = 1 for every yo G Fg- Let us prove that a G N and that if a = 1 then F^; is an 
hyper-plane (in the remaining cases we have shown that a > 1 + min{(5jv, Sn~i}). 

Observe that the second conclusion in Lemma 16.41 shows that property (P) holds at every 
point yo e n 5^"^ = Lp n S'^'K Hence Theorem [5T] vields that VU{yo) ^ 0_whenever 
2/0 G F[7 n S^^^, and in particular \7gU{yo) 7^ since U is a. homogeneous function and [/(yo) = 0. 
In this way we conclude that the set TjjnS^~^ is a compact (TV — 2)- dimensional sub-manifold of 
S^^^ without boundary, and by a generalization of the Jordan Curve Theorem we conclude that 
in fact S^~^ \^iJ ~ as well as M.^ \ - is made of two connected components. 

Denote by ili, il2 the two connected components of \ Tjj and respectively by u, v the non 
trivial components of U in the latter sets. Once again by Theorem 15. II we obtain that Vw ~ — Vu 
on Tfj \ {0} and hence A{u - = in R^, and (w, v) = r"G{e). Thus a G N and if a = 1 then 
V(u — v){0) 7^ and Tjj is a hyper-surface. 

In conclusion we have proved the conclusion of Lemma l6. II in any dimension N, more precisely 
we have shown that either a > 1 + min{2, (5jv, <5jv-i} or else a ~ I and Tjj is a hyper-plane. 
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7 Elliptic operators with variable coefficients 



Theorem 11.11 extends to segregated configurations associated with systems of semilinear elliptic 
equations on Riemannian manifolds, under an appropriate version of the weak reflection law. In 
order to clarify the geometrical meaning of the weak reflection principle and to understand which 
version of assumption (G3) makes possible such an extension, we start with a system of semilinear 
equations involving the Laplace-Beltrami operator on a Riemannian manifold M: 

-AMUi = f{x,Ui) - Hi . 

We assume that (Gl) and (G2) hold and we define the "energy" E as 

E{r) - Eixo, U, r) = f {VmUI^cIVm, 

where Br{xo) is the geodesic ball of radius r. Let us choose normal coordinates centered at 
Xq. By Gauss Lemma we know that, denoting by p = 0^ the radial and angular 

coordinates, it holds 

5 = + p2 ^ b,j{p, 9)de'd0^. 
hi 

Notice that the variation with respect to the euclidean metric is purely tangential. Moreover 
the ChristofFel symbols vanish at the origin. In such coordinates, denoting, as usual, gij = g{di, dj) 
the coefficients of the metric with respect to the normal coordinates, we require that E satisfies 
the differential equation: 




Here g = \ det{gkj)\ and {g'^-') is the inverse of the matrix (gkj)- As shown in [T7], this identity 
is satisfied also in the case of Lipschitz metrics, by any solution u of the semilinear equation 

-Amu = f{x,u). 

Similarily, when dealing with varying coefficients elliptic equations Lui — — drv{ A{x)'Vui) = 
f{x,Ui) — fj,i, we can associate with the coefficient matrix A a metric g in such a way that A = 
y/9 {9^''y^ ■ We denote by M the associated Riemannian manifold. Next, denoting by Br{xo, r) the 
geodesic balls with respect to such metric^ according with the previous discussion, we define the 
energy as 

Eir) - E{xo,U,r) - f |VA/t/pdFM f {A{x)VU{x),VU{x))dx . 

Now let us consider again the normal coordinates (i*)* for the metric g and let gij be the 
coefficients of the metric in such normal coordinates. The new coefficient matrix A = \/gg'-' has the 
radial direction x — xq as an eigenvector corresponding to the eigenvalue ^/g. Obviously in normal 
coordinates the geodesic ball centered at xo and the euclidean one coincide and dan = y/g ds (here 
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ds denotes the standard euclidean metric on the sphere). If a; = $(5;), we denote [7 = J7 o $ and 
we need that the energy E satisfies the differential equation 




Finally, it is convenient to scale further Ui i— >■ Ui / -^/g, as we prefer to get rid of the Jacobian in 
the first term of the above identity. The coefficient matrix for the corresponding elliptic equations 
now is A/y/g and has the radial direction as an eigevector corresponding the the eigenvalue one. 

The next step is to use any of the two equations (pO| and (|3T|) in order to prove Almgen's 
monotonicity formula. As pointed out in [17] , this can be done easily once we observe that the last 
term in the expression of the derivative is actually bounded by a constant times the energy itself 
(this happens, in general, for Lipschitz metrics). The rest of the proof remains unchanged. 

Remark 7.1. Having learned how to extend Theorem 11.11 to the case of variable coefficients 
operators, we can now examine to which extent there holds regularity of the nodal set up to the 
boundary, under the regularity assumption dO, G C^. To do this, we first need to extend the 
components Ui by reflection through the bondary, exploiting a nonlinear reflection field $ : — >■ $7. 
Here $ is a extension of the identity over O in an open neighbourhood O. We associate with 
this extension field the metric g having coefficient matrix ■ d$* with respect to the euclidean 
coordinates. Then, the compositions UiO^ satisfy a system of semilinear elliptic equations involving 
the Laplace-Beltrami operator with respect to such a metric. In order to apply Theorem II. 1[ we 
require that (pO|) holds. A word of caution must be entered at this point: (pO| is expressed in terms 
of the coefficients of the metric with respect to the normal coordinates associated with the metric. 
Hence, in order to check its validity, a further change of coordinates is needed. Fortunately, we 
never check it directly in the applications, for we rather argue indirectly, passing to the limit in 
the approximating procedure. 

8 Applications. 

In this last section we provide two applications of the previously developed theory. In both cases 
we prove that the functions in consideration belong to the class G{Q), and hence Theorem 11.11 
applies. 

8.1 Asymptotic limits of a system of Gross-Pitaevskii equations 

Consider the following system of nonlinear Schrodinger equations 

r - A^. + A = ...t.? - I3u. E,^. /^..-? ^^l,...,h, (32) 

in a smooth bounded domain C M.^ , N = 2,3. Such a system arises in the theory of Bose- 
Einstein condensation (we refer to [8] and references therein). Here we consider f3ij = Pji ^ 
(which gives a variational structure to the problem) and take Xi,Wi G M and /3 e (0, +oo) large. 
The existence of solutions for /3 large is still an open problem for some choices of A; , Wi ; for recent 
works on the subject see for instance [lH [26l [28j and references therein. 
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One of the many interesting questions about system p2p is the asymptotic study of its solutions 
as /3 — > +00 (which represents an increasing of the interspecies scattering length), namely the 
regularity study of the limiting profiles. In the paper |27] . in collaboration with Noris and Vcrzini, 
we have proved C^'"- bounds (for all < a < 1) for any given L°°-bounded family of solutions 
Uf3 = (mi./3, . . . , W/1./3) of (j32p . Moreover the possible limit configurations U = lim^_j.-|_oo JJ/j arc 
proved to be Lipschitz continuous. The mentioned paper contains the proof of the following fact. 

Theorem 8.1. Let U be a limit as 13 ^ +00 of a family {Uf}} of -bounded solutions of (|32p . 

Then u eGin). 

Proof. For fi{x, s) ~ fi{s) ~ ujiS^ — A^s, Theorem 1.2 in [57] implies that U satisfies each property 
in the definition of the class Q{ft) except for (G3). The fact that this latter property is also 
satisfied is the content of the first part of the proof of Proposition 4.1 in [^Tj. The procedure is the 
following: defining an approximated "energy" associated with system (|32p - which has a variational 
structure-, 



2 2 



by a direct calculation it holds 



f JdBAxa) r JBAxa) ^ 

+ ^ f {N^ 2){F{Up), Up)-^ f {F{Up), Up) da- 

A- N 



2 2 7 



By [571 Theorem 1.2] we obtain strong convergence Up ^ U in n C^'°'{VL) for every < a < 1, 
and jQf3J2i<j'^lp'^^p ~^ 0. Hence, as /3 — >■ +00, we prove that U satisfies (G3) exactly in the 
same way we did at the end of the proof of Theorem 13.31 □ 

Hence Theorems 11.11 and 18.11 provide a new regularity result for asymptotic limits of general 
families of uniformly bounded excited state solutions of ([32]) . We observe once again that Caffarelli 
and Lin obtained in [6] a result that is similar to our Theorem 1 1.1) but only for the case when U 
is a solution of ([32]) having minimal energy. 



8.2 The class S{n). 

The second author of this paper, working in collaboration with Conti and Vcrzini, introduced in 
im [T2] the following functional class: 



5(fi) = |(ui, • • ■ , Uh) G (i/^(r2))'' : Ui>0 in fl, ui ■ Uj = Q li i ^ j and — Au^ < fi{ui), 

— A(u,; — u.j) > fi{ui) — fj{U'j) in VL in the distributional sense > . 

Here we make the following assumptions on the functions ff. 
• fi : R+ M Lipschitz continuous and /i(0) = 0; 



31 



• there exists a constant a < Xi{il) such that |/i(s)| < as for every x G il, s > s >> 1. 

This allows the use of the results of [T2| . We stress that the conclusions of this subsection actually 
hold true for other different types of functions /,;, as for example the ones considered in [TT] . 

As observed in [iTl [12j [13l [Ml H |30l [20l |21] , the class S{n) is related to the asymptotic limits 
of reaction diffusion systems with a Lotka-Volterra-type competition term, as well to certain 
optimizations problems. We will recall some of these relations in the end of this subsection. The 
regularity results of Theorem II . II hold true for the elements of 5(r2), as a byproduct of the following 
result. 

Theorem 8.2. 5(0) C g{n). 

Proof. By the results proved in |12j , in order to obtain the desired conclusion the remaining thing 
to prove is that each U G g{fl) satisfies property (G3). To prove it we follow the ideas contained 
in [71 Theorem 15]. Consider 5 > in such a way that each set {ui > 5} is regular; moreover take 
Xq Q and r > 0. For simplicity we consider F = 0. By using once again the Pohozacv-type 
identity (j28p in each set {ui > 6} r\ Br{xo) we obtain, by performing the same computations as in 
Lemma 15.61 and by passing to the limit superior as (5 ^ 0+ , 



—E{xo, U, r) = / [dyU) d(T+-2jhmsup / \\/ui\'^ {v,x ~ xq) da. 

dr r JdBrixo) ^ j 5^0+ J B^{xo)nd{u,>S} 

Now fix e > and define the set ~ {x E il \ Tu : J^i l^'^^il !i £}■ Since each component Ui 
is harmonic in {ui > 0}, it is easy to prove the existence of a constant C (independent of S) such 
that f„ I s^a, |Vu,| da < C. Thus 



lim lim sup 



\\/ui\'^{iy, X — Xq) da 

B,^(xo)nd{ui>s}nSe 



< lim C'e 



On the other hand at each point x € Tu n \ S^) we have that VU{x) ^ (since |Vf7| is 
a continuous function, by [3 Lemma 14]). Thus in a small neighborhood of such z's there exist 
exactly two components Ui and Uj (eventually different from point to point) and hence ^(ui~Uj) — 
0, by taking into account the definition of 5(ri). Therefore 



y lim sup / |Vwip(i', a; — Xq) dcr — 0. 

<5-!.0+ J B.r{xQ)r\d{u,>S'\r\{Q.\S^) 

□ 



As previously said, in recent literature it is proved that the solutions to several problems belong 
to 5(ri) (in the following we recall two of them). Hence, we believe that Theorem 18.21 is of great 
interest because it unifies several different points of view. 



Lotka-Volterra competitive interactions 

Consider the following Lotka-Volterra model for the competition between h different species. 

r -Auj = /i(M,) - X^j^i in ^> ^33^ 
[ > in ri, Ui = Lpi on (?f2. 

with VL C a smooth bounded domain and Lpi positive VK^'°°(9ri)-functions with disjoint sup- 
ports. The asymptotic study of its solutions (as /? — -l-oo) has been the object of recent research, 
see for instance [TU [3 [30] and references therein. In [Ml Theorem 1] it is show that all the possible 
If^-limits [/ of a given sequence of solutions {J7;9}/3>o of ([33]) (as /? — > -t-oo) belong to 5(il). 
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Regularity of interfaces in optimal partition problems 

Next we consider some optimal partition problems involving eigenvalues. For any integer h > 0, 
we define the set of /i-partitions of fl as 

*B/i ~ {{^1, • • • , i^h) '■ measurable , \uji C]u!j\ =0 for i ^ j and Ui uii C f2} . 

Consider the following optimization problems: for any positive real number p > 1, 

/ h xVp 
£;,,p:=mf (-^(Ai(m,)rj , (34) 

and 

£/, := inf max {\i{uji)), (35) 

i—l h 

where Ai (w) denotes the first eigenvalue of — A in iJg (w) in a generalized sense (check [5ni Definition 
3.1]). We refer to the papers [13l[20l[5] for a more detailed description of these problems (in [13], for 
instance, it is shown that p5|) is a limiting problem for p4p . in the sense that limp_).+oo ^h,p = 2,h)- 
Our theory applies to opportune multiples of solutions of ([34]) and (|35|) . More precisely, in [T3l 
Lemma 2.1] it is shown that 

• let p G [1, +oo) and let (wi, . . . ,LOh) G be any minimal partition associated with &h,p and 
let {(f)i)i be any set of positive eigenfunctions normalized in corresponding to (Ai(wi))i. 
Then there exist > such that the functions Ui = ai(f)i verify in fi, for every i = 
I, . . . ,h, the variational inequalities —Aui < Xi(u)i)ui and — A(uj — '^j^i Uj) > Xi{u)i)ui — 

^li^'duj in the distributional sense; 

and in ^ Theorem 3.4]: 

• let {Cji, . . . ,u}h) e S/i be any minimal partition associated with £,h and let {4>i)i be any 
set of positive eigenfunctions normalized in corresponding to (Ai((Di))i. Then there exist 
Ui > 0, not all vanishing, such that the functions Ui = ai4)i verify in il, for every i = 1, . . . , h, 
the variational inequalities —Aui < £,hUi and — A({ii — '^j^iUj) > &hiui — '^j^a'Uj) in the 
distributional sense. 

In particular the functions U = (ui, . . . , Uh) and U — (ui, . . . , Uh) belong to S{fl). 

We refer to the book |3] for other interesting optimization problems. It is our belief that the 
solutions to some of these problems should belong to the class G{^)- 
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